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Abstract
Revisiting a path-integral procedure of recovering gauge invariance from anomalous effective
actions developed by Harada and Tsutsui, it is shown that there are two ways to achieve gauge
symmetry: one already presented by the authors, which is shown to preserve the anomaly in
the sense of standard current conservation law, and another one which is anomaly-free, preserving
current conservation. It is also shown that the application of the Harada-Tsutsui technique to other
models which are not anomalous but do not exhibit gauge invariance allows the identification of
the gauge invariant formulation of the Proca model, also done by the referred authors, with the
Stueckelberg model, leading to the interpretation of the gauge invariant map as a generalization of
the Stueckelberg mechanism.
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I. INTRODUCTION
A gauge anomalous theory is one that presents a breakdown of gauge invariance at the
quantum level [1]. When it happens, it is shown that the expectation value of the current
divergence is not identically null, but, instead, there remains a term which is a function of
the gauge field, which is called the anomaly. In this sense, it is used to be widely believed
that there is a breaking of the current conservation law due to the presence of the gauge
anomaly. This is one of the reasons why these models are not well liked, besides problems
with renormalizability due to non-gauge invariance.
There is a range of contexts in which the discussion around anomalies is brought up, such
as superstrings [2], quantum gravity [3, 4] and condensed matter phenomena description such
as the fractional quantum Hall effect [5], for example. One of the fundamental prerequisites
to renormalization and unitarity is the existence of the Stanislaw-Taylor identities, which
seems to be spoiled by the presence of a gauge anomaly. For instance, one of the most
important discussion was played by theories of Weyl fermions coupled to gauge fields, where
the appearance of gauge anomalies is viewed as unavoidable, due to its quantum competition
with chiral anomalies [6]. However, recently it was shown that when one goes to the full
quantum level, where the gauge field is also quantized, then the expectation value of the
anomaly must vanish [7]. For these reasons, it may be worth to re-discuss this subject in
more detail.
In the eighties, an amount of discussion about anomalous models in quantum field theory
was presented. The central role of discussion was played by consistence of such theories.
Although some theorists considered such models as inconsistents, some authors produced
works to support the idea that they are not so.
In this sense, we must cite the work of Jackiw and Rajaraman [8], in which it was shown
that a gauge anomalous two-dimensional theory could be well defined and be able to provide
a mass generation mechanism from chiral anomalies. This work was soon followed by the one
of Fadeev and Shatashvili [9], who noticed that quantum gauge invariance could be restored
by the introduction of new degrees of freedom that transform second class constraints into
first class ones. In adding these extra fields, the effective anomalous action is mapped into a
gauge invariant one. Then, the works of Babelon, Schaposnick and Viallet [10] and Harada
and Tsutsui [11] showed independently that these degrees of freedom could emerge quite
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naturally by the application of Faddeev-Popov’s method through the non-factorization of
the integration over the gauge group. Soon after, Harada and Tsutsui recognized that the
same procedure could be applied to the Proca model [12], leading to possible generalization
of their technique.
We can recognize the main strategy to give consistence to these models with the intro-
duction of the new degrees of freedom, which recovers gauge invariance. In this sense, it
seems useful to analyze such procedure and explore its potential. Although restoring gauge
symmetry at the final effective action, one may ask whether such technique is able to provide
current conservation or it just preserve the quantum anomaly.
This work is intended to elucidate this question for the particular case of abelian gauge
anomalies. In this sense, in section II the origin of abelian gauge anomaly is briefly reviewed
in path integral approach. In section III, the gauge invariant formalism developed by Harada
and Tsutsui (HT) is rederived by redefining the vacuum functional multiplying it by the
gauge volume, instead of proceeding with Faddeev-Popov’s method, and it is shown that
the anomaly is preserved in the original form proposed by the authors. Section IV is intended
to show that their procedure gives rise to another abelian gauge invariant formulation which
may provide an anomaly free model. In section V, the HT procedure applied to the Proca
model is rederived. Finally, in section VI, a correspondence between the Proca’s gauge
invariant mapping and the Stueckelberg model is pointed out, leading to the interpretation
of the HT procedure as a generalization of the Stueckelberg mechanism [13]. The conclusion
is, then, presented in section VII.
II. THE ORIGIN OF ABELIAN GAUGE ANOMALY IN PATH INTEGRAL AP-
PROACH
Consider an abelian gauge theory described by the action
I[ψ, ψ,Aµ] = IM [ψ, ψ,Aµ] + IG[Aµ] (1)
where IM [ψ, ψ,Aµ] is the matter action minimally coupled to the abelian gauge field Aµ,
and IG[Aµ] is the free bosonic action. If the action is said to be invariant under local gauge
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transformations
ψ → ψθ = exp(iθ(x))ψ (2)
ψ¯ → ψ¯θ = exp(−iθ(x))ψ¯ (3)
Aµ → A
θ
µ = Aµ +
1
e
∂µθ(x), (4)
one can say that, classically, the theory exhibits a conserved current given by
Jµ = −
1
e
δIM
δAµ
. (5)
Now, if we proceed the quantization of the fermionic fields, then, after integrating them out,
we will arrive at an effective action give by
exp(iW [A]) =
∫
dψdψ¯ exp(iI[ψ, ψ¯, A]). (6)
To find the quantum version of the current conservation law, first we make a change of
variables in the fermion fields
exp(iW [A]) =
∫
dψdψ¯ exp(iI[ψ, ψ¯, A])
=
∫
dψθdψ¯θ exp(iI[ψθ, ψ¯θ, A]), (7)
and then, just as in classical case, we make use of the invariance of the action by noticing
that I[ψθ, ψ¯θ, A] = I[ψ, ψ¯, A−θ]
exp(iW [A]) =
∫
dψθdψ¯θ exp(iI[ψ, ψ¯, A−θ]) (8)
Now, a subtle difference between the classical and the quantum gauge theory arises: if the
quantum measure is locally gauge invariant, i. e., if
dψdψ¯ = dψθdψ¯θ, (9)
then, by considering θ(x) as an infinitesimal parameter, we will have
exp(iW [A]) =
∫
dψθdψ¯θ exp
(
iI
[
ψ, ψ¯, A−θ
])
=
∫
dψdψ¯ exp
(
iI
[
ψ, ψ¯, Aµ −
1
e
∂µθ(x)
])
= exp(iW [A])−
∫
dxiθ(x)
∫
dψdψ¯∂µ
(
−
1
e
δI
δAµ
)
exp(iI[ψ, ψ¯, Aµ]) (10)
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⇒∫
dψdψ¯∂µ
(
−
1
e
δI
δAµ
)
exp(iI[ψ, ψ¯, Aµ]) = 0. (11)
But gauge invariance of the free bosonic action implies that ∂µ
(
δIG
δAµ
)
≡ 0, therefore,
∫
dψdψ¯∂µ
(
−
1
e
δIM
δAµ
)
exp(iI[ψ, ψ¯, Aµ]) = 0. (12)
Equation (12) is the quantum version of the current conservation law. However, it was
necessary to impose invariance of the fermionic measure (9) to get the above result. If,
instead of (9), we had
dψθdψ¯θ = exp (iα1[A, θ]) dψdψ¯ (13)
then, instead of (12), we would arrive at
exp(iW [A]) =
∫
dψθdψ¯θ exp
(
iI
[
ψ, ψ¯, A−θ
])
=
∫
dψdψ¯ exp
(
iI
[
ψ, ψ¯, A−θ
]
+ iα1[A, θ]
)
=
∫
dψdψ¯ exp
{
iI
[
ψ, ψ¯, A
]
+ i
∫
dx∂µθ(x)
(
−
1
e
δI
δAµ
)
+ α1[A, 0] + i
∫
dx
δα1
δθ
∣∣∣∣
θ=0
θ(x)
}
,
but ∂µ
(
−1
e
δI
δAµ
)
= ∂µ
(
−1
e
δIM
δAµ
)
and α1[A, 0] = 0, therefore
exp(iW [A]) =
∫
dψdψ¯ exp
{
iI
[
ψ, ψ¯, A
]
− i
∫
dxθ(x)
[
∂µ
(
−
1
e
δIM
δAµ
)
−
δα1
δθ
∣∣∣∣
θ=0
]}
=
∫
dψdψ¯ exp
(
iI
[
ψ, ψ¯, A
]){
1− i
∫
dxθ(x)
[
∂µ
(
−
1
e
δIM
δAµ
)
−
δα1
δθ
∣∣∣∣
θ=0
]}
= exp(iW [A])− i
∫
dxθ(x)
∫
dψdψ¯ exp
(
iI
[
ψ, ψ¯, Aµ
]) [
∂µ
(
−
1
e
δIM
δAµ
)
−
δα1
δθ
∣∣∣∣
θ=0
]
⇒
∫
dψdψ¯∂µ
(
−
1
e
δIM
δAµ
)
exp
(
iI
[
ψ, ψ¯, Aµ
])
= A exp(iW [A]), (14)
and we see that, instead of (12), we would have a non-vanishing right-hand side in (14),
were
A ≡
δα1
δθ
∣∣∣∣
θ=0
(15)
is called the anomaly and the theory is said to be anomalous.
5
It is convenient, to our purposes, to rewrite the anomaly (15) by noticing that
δα1
δθ
∣∣∣∣
θ=0
=
δW
[
Aθ
]
δθ
∣∣∣∣∣
θ=0
=
∫
dnx
(
1
e
δW [A]
δAµ(y)
)
∂µ[δ(x− y)]
= ∂µ
(
1
e
δW [A]
δAµ(y)
)
,
and, therefore
A ≡
δα1
δθ
∣∣∣∣
θ=0
= ∂µ
(
1
e
δW [A]
δAµ(x)
)
. (16)
III. GAUGE INVARIANT FORMULATION OF ANOMALOUS MODELS
The anomaly arises from the non-invariance of the effective action. To see this, we notice
that
exp(iW
[
Aθ
]
) =
∫
dψdψ¯ exp
(
iI
[
ψ, ψ¯, Aθ
])
=
∫
dψθdψ¯θ exp
(
iI
[
ψθ, ψ¯θ, Aθ
])
=
∫
dψdψ¯ exp
(
iI
[
ψ, barψ,Aθ
]
+ iα1[A, θ]
)
= exp (iW [A] + iα1[A, θ]) , (17)
that is,
⇒ α1[A, θ] = W
[
Aθ
]
−W [A]. (18)
Therefore, from (14) it seems that current conservation at quantum level may be obtained
only for theories with gauge invariant effective actions.
A gauge invariant formulation of anomalous theories was built by Harada and Tsutsui
in [11]. We will derive the same results in a different way that is more convenient to our
purposes, instead of inserting the usual Faddeev-Popov identity. It is considered the full
theory, described by the vacuum functional
Z =
∫
dψdψ¯dAµ exp(iI[ψ, ψ¯, A])
=
∫
dAµ exp(iW [A]). (19)
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The functional can be redefined by multiplying it by the gauge volume and, then, a change
of variables in the gauge field can be performed
Z =
∫
dθdAµ exp(iW [A])
=
∫
dθdAθµ exp(iW
[
Aθ
]
). (20)
Now we use the fact that the boson measure is gauge invariant, that is dAµ = dA
θ
µ, and we
arrive at a theory containing a scalar field θ, besides the gauge field Aµ
Z =
∫
dθdAµ exp(iW
′[A, θ])
=
∫
dAµ exp(iWeff [A]), (21)
where
W ′[A, θ] ≡ W
[
Aθ
]
and exp (iWeff [A]) ≡
∫
dθ (iW ′[A, θ]) (22)
It is easy to see that the new effective action Weff [A] is gauge invariant. To do this, we
notice that
exp
(
iWeff
[
Aλ
])
=
∫
dθ exp
(
iW ′
[
Aλ, θ
])
=
∫
dθ exp (iW ′ [A, θ + λ])
=
∫
d(θ + λ) exp (iW ′ [A, θ + λ])
= exp (iWeff [A]) . (23)
One could ask if, after this procedure, the anomaly would survive, and we can say that
it depends on the starting action. Indeed, one may choose an initial action by noticing that
Z =
∫
dθdAµ exp (iW
′[A, θ])
=
∫
dθdAµ exp
(
iW
[
Aθ
])
=
∫
dθdAµ exp (iW [A] + iα1[A, θ])
=
∫
dθdAµ exp
(
iI
[
ψ, ψ¯, A
]
+ iα1[A, θ]
)
. (24)
The action in eq. (24), with the addition of the Wess-Zumino term α1[A, θ] [15], is known
as the standard action [11]
Ist
[
ψ, ψ¯, A, θ
]
= I
[
ψ, ψ¯, A
]
+ α1[A, θ]. (25)
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As one could notice, although the final effective action Weff [A] is gauge invariant, the
standard one Ist
[
ψ, ψ¯, A, θ
]
is not, since α1[A, θ] breaks gauge invariance. To understand
what it means, we see that, if we search for a kind of conserved current from this theory, we
need to start from the gauge invariance of the effective action, which leads to
∂µ
(
−
1
e
δWeff [A]
δAµ(x)
)
= 0. (26)
Then we have
∂µ
(
−
1
e
δWeff [A]
δAµ(x)
)
=
i
e
∂µ
{
δ
δAµ(x)
exp (iWeff [A])
}
=
i
e
∂µ
{
δ
δAµ(x)
∫
dθdψdψ¯ exp
(
iIst[ψ, ψ¯, A, θ]
)}
=
∫
dθdψdψ¯∂µ
(
−
i
e
δIst
δAµ(x)
)
exp
(
iIst[ψ, ψ¯, A, θ]
)
=
∫
dθdψdψ¯∂µ
(
−
i
e
δIM
[
ψ, ψ¯, , A
]
δAµ(x)
−−
i
e
δα1[A, θ]
δAµ(x)
)
exp
(
iIst[ψ, ψ¯, A, θ]
)
= 0, (27)
and since α1[A, θ] is not gauge invariant, one cannot say that ∂µ
(
−1
e
δα1[A,θ]
δAµ(x)
)
= 0, which
would lead to the current conservation law. Instead, we have∫
dθ dψdψ¯∂µJ
µ exp
(
iIst
[
ψ, ψ¯, A, θ
])
=
∫
dθ dψdψ¯∂µ
(
−
1
e
δα1[A, θ]
δAµ(x)
)
)
exp
(
iIst
[
ψ, ψ¯, A, θ
])
6= 0. (28)
Now, we can perform integration over the θ field in the right-hand side of (28), using
(13), (6) and the gauge invariance of Weff [A]. It is straightforward to find∫
dθdψdψ¯∂µJ
µ exp
(
iIst
[
ψ, ψ¯, A, θ
])
= A exp (iWeff [A]) , (29)
and we see that the standard formulation still preserves the anomaly, in spite of being
invariant at the effective theory. This may be explained by the switching of gauge symmetry
breakdown from the effective action to the starting one, namely, the standard action.
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IV. RECOVERING CURRENT CONSERVATION
The standard action is not the only one that can provide the gauge invariant effective
theory given by (22). Indeed, from (21) we have
Z =
∫
dθdAµ exp(iW
′[A, θ])
=
∫
dθdAµ exp
(
iW [Aθ]
)
=
∫
dθdψdψ¯dAµ exp
(
iI
[
ψ, ψ¯, Aθ
])
. (30)
Thus, we can see that the same procedure that leads to (21) and (6) can be done by a rather
more obvious choice
Ien[ψ, ψ¯, A, θ] ≡ I[ψ, ψ¯, A
θ]. (31)
which we can call, just to distinguish from the standard action, the enhanced action.
The advantage of this action is that it is really gauge invariant. Moreover, if we start
from the gauge invariance of Weff [A] and proceed the same calculations which lead to (28),
we will arrive at
∂µ
(
−
1
e
δWeff [A]
δAµ(x)
)
exp(iWeff [A])
=
∫
dθdψdψ¯∂µ
(
−
1
e
δIen
δAµ(x)
)
exp
(
Ien[ψ, ψ¯, A, θ]
)
=
∫
dθdψdψ¯∂µ
(
−
1
e
δI
[
ψ, ψ¯, Aθ
]
δAµ(x)
)
exp
(
Ien[ψ, ψ¯, A, θ]
)
= 0 (32)
In fermionic theories, generally the gauge fields are coupled linearly to the fermions. So,
expanding the matter action to the first order, we will obtain
I
[
ψ, ψ¯, A
]
= IM
[
ψ, ψ¯, A
]
+ IG[A]
= IF
[
ψ, ψ¯
]
+
∫
dnx
δIM
[
ψ, ψ¯, A
]
δAµ(x)
+ IG[A], (33)
where IF
[
ψ, ψ¯
]
≡ IM
[
ψ, ψ¯, 0
]
corresponds to the free fermionic action. However δIM [ψ,ψ¯,A]
δAµ(x)
=
−eJµ(x), therefore
I
[
ψ, ψ¯, A
]
= IF
[
ψ, ψ¯
]
+ IG[A]− e
∫
dnxJµ(x)Aµ(x) (34)
IM
[
ψ, ψ¯, A
]
= IF
[
ψ, ψ¯
]
− e
∫
dnxJµ(x)Aµ(x) (35)
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Thus, evidently
−
1
e
δIM
[
ψ, ψ¯, Aθ
]
δAµ(x)
= −
1
e
δIM
[
ψ, ψ¯, Aθ
]
δAθµ(x)
= −
1
e
δIM
[
ψ, ψ¯, A
]
δAµ(x)
= Jµ(x). (36)
Since IG[A] is gauge invariant, which means that ∂µ
(
−1
e
δIG
δAµ(x)
)
≡ 0, eq. (32) leads to
∂µ
(
−
1
e
δWeff [A]
δAµ(x)
)
≡ 0⇔
∫
dθdψdψ¯∂µJ
µ(x) exp
(
iIen
[
ψ, ψ¯, A, θ
])
≡ 0. (37)
Eq. (37) means that the current is conserved in this version of HT construction, with no
quantum breakdown and, thus, anomaly-free.
To finish this section, we shall analyze the classical equations of motion obtained from
the original abelian anomalous models
δI
[
ψ, ψ¯, Aµ
]
δψ
=
δIM
[
ψ, ψ¯, Aµ
]
δψ
= 0 (38)
δI
[
ψ, ψ¯, Aµ
]
δψ¯
=
δIM
[
ψ, ψ¯, Aµ
]
δψ¯
= 0 (39)
δI
δAµ
=
δIM
δAµ
+
δIG
δAµ
= 0 (40)
and compare them with those from the enhanced action Ien
[
ψ, ψ¯, A, θ
]
≡ I
[
ψ, ψ¯, Aθ
]
δI
[
ψ, ψ¯, Aθµ
]
δψ
=
δIM
[
ψ, ψ¯, Aθµ
]
δψ
= 0 (41)
δI
[
ψ, ψ¯, Aθµ
]
δψ¯
=
δIM
[
ψ, ψ¯, Aθµ
]
δψ¯
= 0 (42)
δI
[
ψ, ψ¯, Aθµ
]
δAµ(x)
=
δIM
[
ψ, ψ¯, Aθµ
]
δAµ(x)
+
δIG
[
Aθµ
]
δAµ(x)
=
δIM
[
ψ, ψ¯, Aµ
]
δAµ(x)
+
δIG [Aµ]
δAµ(x)
= 0 (43)
δI
δθ
= ∂µ
(
−
1
e
δIM
[
ψ, ψ¯, A
]
δAµ(x)
)
= ∂µJ
µ = 0 (44)
As one could see, the equation (44) for θ is redundant, since it is just the current con-
servation law imposed by global gauge invariance. The equation of motion for the gauge
field is the same in both theories, since it is gauge invariant. Finally, the equations for the
fermionic fields are reducible one to the other by a simple redefinition of the gauge field
which is nothing but a generic gauge transformation Aµ → A
′
µ = Aµ +
1
e
∂µθ that does not
change the other equations. Thus, classically both formulations are completely equivalent
one to the other, and the scalar is not even noted. On the other hand, at quantum level,
10
the simple original theory is anomalous, while the enhanced one, with the addition of the
θ-field is not.
In the next sections, we shall understand why the θ− field can be absorbed with no loss
of physical meaning by other means.
V. HT GAUGE RECOVERING PROCEDURE APPLIED TO NON-
ANOMALOUS THEORIES - THE PROCA MODEL
As shown by the authors in the work of ref. [12] to the case of the massive vector field,
the procedure of turning a theory that does not exhibit quantum gauge symmetry into a
gauge invariant one does not need to be restricted to the particular class of gauge anomalous
models. Indeed, to do so, it was only necessary to consider the exponential of the effective
action exp(iW [A]), gauge transform it into exp(iW [Aθ]), and then to perform an integration
over θ to obtain, finally, the exponential of the gauge invariant effective action exp(iWeff [A]).
But any action that does not exhibit gauge invariance could, in principle, be attached to
this procedure. Let us reconsider, for instance, the massive vector field interacting with
fermions, whose action is
I
[
ψ, ψ¯, Aµ
]
= IM
[
ψ, ψ¯, Aµ
]
−
1
4
∫
d4xF µνFµν +
m2
2
∫
d4xAµAµ. (45)
Clearly, the massive term breaks gauge invariance. If we consider the quantum version
of this model and proceed the with the HT technique, we will get∫
dθ exp
(
iW
[
Aθ
])
=
∫
dθ exp
(
iI
[
ψ, ψ¯, Aθ
])
=
∫
dθ dψdψ¯ exp
(
IM
[
ψ, ψ¯, Aθµ
]
−
1
4
∫
d4xF µνFµν +
m2
2
∫
d4xAθµAθµ
)
=
∫
dθ dψθdψ¯θ exp
(
IM
[
ψθ, ψ¯θ, Aθµ
]
−
1
4
∫
d4xF µνFµν +
m2
2
∫
d4xAθµAθµ
)
(46)
and if the theory is not anomalous, that is, if dψdψ¯ = dψθdψ¯θ, we will arrive at an enhanced
model given by
exp(iWeff [A]) =
∫
dθdψdψ¯ exp
(
iIen
[
ψ, ψ¯, A, θ
])
, (47)
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where
Ien
[
ψ, ψ¯, Aµ, θ
]
= IM
[
ψ, ψ¯, Aµ
]
+
∫
d4x
(
−
1
4
F µνFµν
+
1
2
m2
e2
∂µθ∂µθ +
1
2
m2AµAµ +
1
2
m2
e
Aµ∂µθ
)
. (48)
If we proceed integration over the gauge parameter, we will find∫
dθ exp
{
i
2
m2
∫
dx
(
2
e
Aµ∂
µθ +
1
e2
∂µθ∂
µθ
)}
= exp
(
−
1
2
m2
∫
dxAµ
∂mu∂ν

Aν
)
×
∫
dθ exp
{
i
m2
2e
∫
dx
[( e

∂µAµ + θ
)

( e

∂νAν + θ
)]}
. (49)
Performing the change of variables θ → θ′ = θ + 1

∂µAµ; dθ
′ = dθ, we will arrive at
∫
dθ exp
{
i
2
m2
∫
dx (2Aµ∂
µθ + ∂µθ∂
µθ)
}
∼ exp
(
−
i
2
m2
∫
dxAµ
∂µ∂ν

Aν
)
. (50)
Using this result into (47), we finally obtain∫
dθdψdψ¯ exp
(
iIen
[
ψ, ψ¯, Aµ, θ
])
=
∫
dψdψ¯ exp
(
iI ′
[
ψ, ψ¯, Aµ
])
(51)
with
I ′
[
ψ, ψ¯, Aµ
]
= IM
[
ψ, ψ¯, Aµ
]
+
∫
dnx
{
−
1
4
F µνFµν +
1
2
m2Aµ
(
ηµν −
∂µ∂ν

Aν
)}
. (52)
It is easy to see that, classically, the gauge invariant formulation of Proca model (52) may
be thought as equivalent to its correlate (45), since one is reducible to the other, with no loss
of physical meaning, by the Lorenz gauge choice ∂µA
µ = 0. Therefore, this example clearly
shows that the HT technique of inserting a quantum scalar may be used as a procedure to
map a theory with no gauge symmetry into a gauge invariant one even in some cases where
we are dealing with classical models.
VI. THE ENHANCED FORMALISM AND THE STUECKELBERG MECHA-
NISM
In the enhanced gauge invariant formalism of anomalous models, we start with a gauge
invariant action Ien
[
ψ, ψ¯, A, θ
]
, and reach an affective oneWeff [A] which is also gauge invari-
ant. However, there is an intermediate action W ′[A, θ] = W
[
Aθ
]
with no gauge symmetry.
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Nevertheless, it is obviously invariant under a kind of expanded gauge transformations
Aµ → Aµ +
1
e
∂µΛ(x)
θ → θ − Λ(x) (53)
It means that we can set θ(x) = constant by a simple gauge choice and get back to
the original formalism. In other words, classically, θ is not noted, but must exist and be
quantized in order to provide an anomaly-free model. In section 4 we saw that the classical
equations of motion of the enhanced version of anomalous models are reducible to those
of the original one by a simple redefinition of the gauge boson. By the modified gauge
symmetry (53) above, thus, it simple means a gauge choice where the scalar is set constant.
On the other hand, the pure enhanced Proca model, which is also invariant under (53), is
described by
IP [A, θ] =
∫
dnx
(
−
1
4
F µνFµν +
1
2
m2
e2
∂µθ∂µθ +
1
2
m2AµAµ +
m2
e
Aµ∂µθ
)
. (54)
If we simply redefine the θ − field by a multiplicative constant
B(x) ≡
m
e
θ(x), (55)
then we will just find the Stueckelberg action [13]
IStueck[A,B] =
∫
dnx
{
−
1
4
F µνFµν +
1
2
(mAµ + ∂µB)(mAµ + ∂µB)
}
, (56)
and (53) becomes Pauli’s gauge transformations [14]
Aµ → Aµ + ∂µΛ(x)
B → B −mΛ(x). (57)
Therefore, we see that the HT procedure, using the enhanced form in the case of abelian
models, is in closed connection with the Stueckelberg mechanism before the integration over
the scalar, and may be viewed as its generalization, whose prescription is to attach a gradient
of a scalar added up to every gauge boson.
The advantage of the Stueckelberg massive abelian model, which coincides exactly with
the HT gauge invariant procedure applied to the Proca model before the integration over the
extra degree of freedom, is that it was rigorously proved to be renormalizable and unitary
[16].
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We started by the integration over what we called the gauge parameter, but now we
can reinterpret it by saying that it is not the gauge parameter which is actually integrated,
but the Stueckelberg scalar. The procedure presented above shows that the Stueckelberg
field can appear quite naturally, by going to the quantum level, and performing analytical
manipulations over the functional integral that actually reveal it, instead of using the rather
artificial Stueckelberg trick by adding the extra degree of freedom classically by hand. At
the end, the Stueckelberg trick may be justified under this approach. We can interpret the
Stueckelberg scalar as a hidden field, which is physically non observable at this point, but
becomes necessary whenever we deal with gauge symmetry breaking and, as the mentioned
examples, want to be able to provide a gauge anomaly-free theory as well as a renormalizable
massive vector model.
VII. CONCLUSION
Revisiting a procedure to transform effective actions of anomalous generic models into
gauge invariant ones, built in the last century, it was found that it can be more fruitful than
it might have seem to be at a first sight. Indeed, the HT procedure is not only able to map an
anomalous model into a gauge invariant one, but it may also be able to remove abelian gauge
anomalies, which simply disappear when the θ−field is introduced into the theory by gauge
transforming the gauge field. Moreover, it provides a bridge between the gauge invariant
formulation of gauge anomalous models and a generalization of the Stueckelberg procedure,
where the θ− field, identified as the Stueckelberg scalar, may be present together with the
gauge field in any abelian theory, instead of being present only in the particular case of the
massive vector model. The Stueckelberg mechanism was also extended to non-abelian gauge
models, as can be seen in [17]. Perhaps the HT procedure, which was originally proposed
for Yang-Mills models [11], may also be linked to this extension in the same way.
On the other hand, such discussion may raise a paradox: If one formalism is mapped
into another one by simple manipulations over the functional integral, which would suggest
that both formalisms are equivalent, how, in the anomalous case, one might present current
conservation breakdown while the other has it conserved? As we have seen, the original
formalism is anomalous, which would mean that it is closer to the standard formalism, that
preserves its anomaly, then to the enhanced one. In this sense, one might ask which of
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the two gauge invariant models is equivalent to the original one. This question may be
partially answered in [7] where it was shown that the original anomalous formalism has the
expectation value of the anomaly cancelled out when one goes to the full quantum theory, i.
e., the one with the gauge fields also quantized. Work is in progress to clarify this question
in more detail.
The relevance of the Stueckelberg mechanism is that it is able to deal with gauge symme-
try breaking and, since it is renormalizable, it provides a mechanism alternative to the Higgs
[18]. Moreover, it can be recovered in a rather singular limit of the Higgs mechanism [19].
Therefore, perhaps the uncovered hidden scalar field might be regarded as an inheritance
of the Higgs mechanism at lower energies. In revealing a generalization of the Stueckelberg
mechanism, we saw that it is also able to provide a gauge anomaly-free model. On the other
hand, it is well known, for the simplest case of the anomalous Jackiw-Rajaraman model,
that there is an alternative mass-generation mechanism to the gauge boson from quantum
corrections of anomalous 2-D chiral fermions [8]. Perhaps it is not mere coincidence that a
breaking in the gauge symmetry in both cases is related to vector boson mass generation,
and it may be recovered by an introduction of a scalar.
We can point out that, besides the correspondence between the HT procedure and the
Stueckelberg mechanism, this technique might be generalized to other kind of symmetries,
although it has been remarked that it may not able to deal with chiral anomalies, for example
[7]. It is well known that the Stueckelberg trick can also be used to restore gravitational gauge
symmetry to deal with massive gravity models, for instance [20]. One might ask whether
it would be justified by a kind of the prescription presented above, as it was shown for
vector models. Finally, yet with the gravitational example, this procedure might be a road
to cancel the gravitational anomaly, presented by the famous work of Witten and Gaume´
[3]. In this sense, it was shown that the Hawking radiation can be explained by the addition
of chiral fermions at the boundary of a black hole, that cancels the gravitational anomaly
[4]. Perhaps it could happen in a more natural way, using the HT prescription adapted to
the gravitational case, by substituting the anomalous chiral fermions by Stueckelberg fields.
15
Acknowledgments
I would like to thank Prof. A. J. Accioly and Prof. Jose´ A. Helaye¨l Neto for further
revisions. I also thank my colleagues Ricardo Kullock and Ricardo Scherer for constructive
discussions about the subject of this work. Finally, I am very grateful to Professor Abhay
Ashtekar and the Institute for Gravitation and the Cosmos (Penn State University) for the
hospitality. This work was financially supported by CNPq through the Csf program (Cieˆncia
sem Fronteiras) from Brazil and in part by the NSF grant PHY 1205388 and the Eberly
research funds of Penn State University.
[1] R. Jackiw, in: S. B. Treiman, R. Jackiw, B. Zumino, E. Witten (Eds.), Current Algebras and
Anomalies, World Scientific, Singapore (1985), 211-359.
[2] J. Polchinski, String Theory, vols I and II, Cambridge University Press, Cambridge 2000.
[3] L. Alvarez-Gaume´, E. Witten, Gravitational Anomalies, Nucl. Phys. B 234 (1984) 269-330.
[4] S. P. Robinson, F. Wilczec, Relationship between Rawking Radiation and Gravitational
Anomalies, Phys. Rev. Lett. 95 (2005), [arXiv:gr-qc/0502074]. 011303. (1-4).
[5] X. G. Wen, Gapless Boundary Excitations in the FQH States and in the Chiral Spin States,
Phys. Rev. B 43 11025 (1991); N. Maeda, Chiral anomaly and effective field theory for the
quantum Hall liquid with edges, Phys. Lett. B 376 (1996), 142- 147; G. L. S. Lima, S. A. Dias,
Edge modes in the fractional quantum Hall effect without extra edge fermions, Europhys. Lett.
B 94 (2011) 37005 (1-4).
[6] S. Weimberg, The Quantum Theory of Fields, voll II, Cambridge University Press, Cambridge,
2000; B. Zumino, in: S. B. Treiman, R. Jackiw, B. Zumino, E. Witten (Eds.), Current Algebras
and Anomalies, World Scientific, Singapore, 1985, pp. 361-391; R. Stora, et al., in: H. Lehman
(Ed.), Progress in Gauge Field Theories, Plenum, New York, 1984, pp. 543-562; L. Bonora,
P. Pasti, M. Bregola, Class. Quant Grav. 3 (1986) 635-649.
[7] G. L. S. Lima, R. Chaves and, S. A. Dias, Gauge anomaly cancellation in chiral gauge theories,
Ann. Phys. 327 (2012), 1435-1449.
[8] R. Jackiw e R. Rajaraman, Vector-meson mass generation by chiral anomalies,Phys. Rev. Lett.
54 (1985), 1219-1221.
16
[9] L. D. Faddeev e S. L. Shatashvili, Realization of Schwinger Term in Gauss Law and the
Possibility of Correct Quantization of a Theory with Anomalies,Phys. Lett. B167 (1986),
225-228.
[10] O. Babelon, F. Shaposnick e C. Vialet, Phys. Lett. B177 (1986), 385-388.
[11] K. Harada and I. Tsutsui, On the path-integral quantization of anomalous gauge theories,
Phys. Lett. B183 (1987), 311-314.
[12] K. Harada and I. Tsutsui, Revealing the Gauge Freedom in the Path-Integral Formalism,
Prog. Theo. Phys 78 4 (1987), 878-885.
[13] E. C. G. Stueckelberg, Die Wechselwirkungskra¨ft in der Elektrodynamik und in der Feldtheorie
der Kra¨ft, Helv.Phys. Acta. 11 (1938) 225; V. I. Ogievetskii and I. V. Polubarinov, A Gauge
Invariant Formulation of Neutral Vector Field Theory, JETH 14 (1969) 179.
[14] W. Pauli, Relativistic field theories of elementary particles, Rev. Mod. Phys. 13 (1941), 203-
232.
[15] E. D’Hoker and E. Farhi, Nucl. Phys. B 248 (1984), 59; K. Fujikawa, Nucl. Phys. B 271
(1986), 681; and references therein.
[16] J. H. Lowenstein and B. Schroer, Phys. Rev. D6 55 (1972), 1553-1571. See also
H. Van Hees, The normalizability for massive abelian gauge theories revisited, eprint
[arXiv:hep-th/0305076].
[17] R. Banerjee, J. Barcelos-Neto, Hamiltonian embedding of the massive Yang-Mills theory and
the generalized Stu¨ckelberg formalism, Nucl. Phys. B 499 (1997) 453-478; H. Ruegg, M.
Ruiz-Altaba, The Stueckelberg field, Int. J. Mod. Phys. A 19 (2004) 3265-3347.
[18] P. W. Higgs, Broken Symmetries, Massless Particles and Gauge Fields, Phys. Lett. 12 (1964)
132; Broken Symmetries and the Masses of Gauge Bosons, Phys. Lett. 13 (1964) 508; Spon-
taneous Symmetry Breakdown without Massless Bosons, Phys. Rev. 145 (1966) 1156. See
also: G. S. Guralnik, C. Hagen and T. W. B. Kibble, Global Conservation Laws and Massless
Particles, Phys. Rev. Lett. 13 (1964) 585; F. Englert and R. Brout, Broken Symmetry and
the Mass of Gauge Vector Mesons, Phys. Rev. Lett. 13 (1964) 321.
[19] T. J. Allen, M. J. Bowick and A. Lahiri, Topological Mass Generation in (3+1)-Dimensions,
Mod. Phys. Lett. A 6 (1991) 559.
[20] K. Hinterbichler, Theoretical Aspects of Massive Gravity, arXiv:1105.3735.
17
